Hairy black hole solutions in $U(1)$ gauge-invariant
  scalar-vector-tensor theories by Heisenberg, Lavinia & Tsujikawa, Shinji
ar
X
iv
:1
80
2.
07
03
5v
2 
 [g
r-q
c] 
 9 
Ap
r 2
01
8
Hairy black hole solutions in U(1) gauge-invariant scalar-vector-tensor theories
Lavinia Heisenberg1 and Shinji Tsujikawa2
1Institute for Theoretical Studies, ETH Zurich, Clausiusstrasse 47, 8092 Zurich, Switzerland
2Department of Physics, Faculty of Science, Tokyo University of Science,
1-3, Kagurazaka, Shinjuku-ku, Tokyo 162-8601, Japan
(Dated: April 10, 2018)
In U(1) gauge-invariant scalar-vector-tensor theories with second-order equations of motion, we
study the properties of black holes (BH) on a static and spherically symmetric background. In shift-
symmetric theories invariant under the shift of scalar φ → φ+ c, we show the existence of new hairy
BH solutions where a cubic-order scalar-vector interaction gives rise to a scalar hair manifesting
itself around the event horizon. In the presence of a quartic-order interaction besides the cubic
coupling, there are also regular BH solutions endowed with scalar and vector hairs.
I. INTRODUCTION
On the contrary to the geometrical interpretation of gravitational physics, the description in terms of field theory
is unambiguous. It relies on the uniqueness of interactions of a massless spin-2 particle. The constructed Lagrangian
inevitably leads to General Relativity (GR) with two propagating tensor degrees of freedom and with second-order
equations of motion.
The extension from GR to modified gravity theories generally introduces new degrees of freedom besides two tensor
polarizations [1]. Under the assumptions of pseudo-Riemannian space-time, Lorentz symmetry, and locality, one can
construct consistent tensor-tensor, vector-tensor and scalar-tensor theories with additional tensor, vector or scalar
fields in the gravity sector. Modified gravity theories based on an additional scalar field φ have been most extensively
studied by reflecting their simplicity. Fixing the ingredients of gravitational theory to be one spin-0 field besides
two tensor polarizations, it is possible to construct most general scalar-tensor theories with second-order equations of
motion, known as Horndeski theories [2, 3]. The resulting action contains derivative and non-minimal couplings to
gravity without inducing Ostragradski instabilities.
Instead of a scalar field, one can introduce an additional spin-1 field into the gravity sector with a richer phenomenol-
ogy due to the existence of intrinsic vector modes. Analogous to scalar-tensor Horndeski theories, it is possible to
construct most general vector-tensor theories with second-order equations of motion. Upon imposing the U(1) gauge
invariance of the vector field Aµ, Horndeski obtained a single nonminimal coupling of the vector field to the double
dual Riemann tensor [4] without vector derivative self-interactions. If one abandons the gauge invariance like the case
of a massive vector filed, there are derivative and nonminimal couplings to gravity giving rise to generalized Proca
theories [5]. Even if the longitudinal mode of the vector field behaves as the Horndeski scalar field, there are two
important purely intrinsic vector interactions with no scalar counterpart [5, 6] (see also Refs. [7]). The relevance of
these vector-tensor theories for cosmology [8, 9] and compact objects [10–13] has been already extensively studied in
the literature.
One can unify these two important classes of Horndeski and generalized Proca theories into the framework of
scalar-vector-tensor (SVT) theories. In Ref. [14], the construction of SVT theories with second-order equations of
motion was performed for both the U(1) gauge-invariant and the non gauge-invariant cases. The new degrees of
freedom arising in SVT theories may be relevant to the physics of black holes, inflation, dark energy, dark matter and
the generation of magnetic fields. In light of the detection of gravitational waves from BH and neutron star mergers
[15, 16], it is of interest to study whether or not some “hairs” associated with the new degrees of freedom arise on a
strong gravitational background.
In this letter, we study BH solutions in U(1) gauge-invariant SVT theories on a static and spherically symmetric
background. We show that the existence of cubic-order scalar-vector interactions allows the possibility for realizing
a nontrivial scalar-field configuration. In shift-symmetric theories where the Lagrangian is invariant under the shift
φ→ φ+ c, there exist new hairy BH solutions with scalar hair supported by the scalar-vector interaction. We derive
iterative solutions both in the vicinity of the horizon and at spatial infinity for the theories containing cubic and
quartic interactions. We note that some BH solutions have been discussed in Ref. [17] for the quartic interaction, but
we will show that the cubic interaction is crucially important for the existence of BHs with scalar hair. We will also
numerically confirm the regularity of solutions outside the horizon exterior.
This letter is organized as follows. In Sec. II, we revisit U(1) gauge-invariant SVT theories and present the
background equations of motion on the static and spherically symmetric spacetime. In Sec. III, we show the existence
of regular BH solutions with scalar hair for a cubic-order coupling. In Sec. IV, we extend the analysis to the case in
which quartic-order interactions are present besides the cubic coupling. We conclude in Sec. V.
2II. GAUGE-INVARIANT SVT THEORIES AND EQUATIONS OF MOTION
In Ref. [14], the SVT theories were constructed for both U(1) gauge-invariant and broken gauge-invariant cases. In
this letter, we will focus on the gauge-invariant case. The most general gauge-invariant action of SVT theories with
second-order equations of motion is expressed in the form
S =
∫
d4x
√−g
(
5∑
i=3
LiST +
4∑
i=2
LiSVT
)
, (2.1)
where g is a determinant of the metric tensor gµν , and L3ST,L4ST,L5ST are the cubic, quartic, and quintic Lagrangians
in pure scalar Horndeski theories with a scalar field φ [2, 3]. The other Lagrangians L2SVT,L3SVT,L4SVT correspond to
the genuine scalar-vector-tensor interactions, whose explicit forms are given, respectively, by
L2SVT = f2(φ,X, F, F˜ , Y ) , (2.2)
L3SVT = Mµν3 ∇µ∇νφ , (2.3)
L4SVT = Mµναβ4 ∇µ∇αφ∇ν∇βφ+ f4(φ,X)LµναβFµνFαβ , (2.4)
where
X = −1
2
∇µφ∇µφ , F = −1
4
FµνF
µν , F˜ = −1
4
Fµν F˜
µν , Y = ∇µφ∇νφFµαF να , (2.5)
with the gauge-invariant field strength Fµν = ∇µAν −∇νAµ and the dual strength tensor F˜µν = EµναβFαβ/2. Here,
Eµναβ is the anti-symmetric Levi-Civita tensor satisfying the normalization EµναβEµναβ = −4!. The rank-2 tensor
Mµν3 in the Lagrangian L3SVT is of the form
Mµν3 =
[
f3(φ,X)gρσ + f˜3(φ,X)∇ρφ∇σφ
]
F˜µρF˜ νσ , (2.6)
where f3 and f˜3 are functions of φ and X . Similarly, the rank-4 tensorMµναβ4 is constrained to be
Mµναβ4 =
[
1
2
f4,X(φ,X) + f˜4(φ)
]
F˜µν F˜αβ , (2.7)
where f4 is a function of φ and X with the notation f4,X ≡ ∂f4/∂X , while the function f˜4 depends on φ alone. The
double dual Riemann tensor Lµναβ is constructed out of the Riemann tensor Rρσγδ as
Lµναβ =
1
4
EµνρσEαβγδRρσγδ . (2.8)
By construction, these theories contain five propagating degrees of freedom (one scalar, two vectors, and two tensors).
In the limit of a constant scalar field φ with f4 = constant, the Lagrangian L4SVT reduces to the gauge-invariant vector
interaction LµναβFµνFαβ advocated by Horndeski in 1976 [4].
In order to study the existence of new BH solutions on the static and spherically symmetric background, we consider
the following Ansatz for the line element
ds2 = −f(r)dt2 + h−1(r)dr2 + r2dΩ2 , dΩ2 = dθ2 + sin2 θ dϕ2 , (2.9)
where t, r and Ω stand for the time, radial, and angular coordinates, respectively, and the functions f and h depend
explicitly on the radial coordinate. We denote the horizon radius by rh, which is defined such that f(rh) = h(rh) = 0.
Furthermore, we have f(r) > 0 and h(r) > 0 outside the event horizon (r > rh).
For the background metric (2.9), the scalar field is of the form φ = φ(r). The vector field has the temporal
component A0 and the spatial part Ai. The spatial components can be further decomposed into its transverse and
longitudinal components as Ai = A
(T )
i +∇iχ, with ∇iA(T )i = 0. Demanding the regularity of the vector field at r = 0,
the transverse mode A
(T )
i has to vanish [10]. Thus, the vector-field profile compatible with the background metric
(2.9) is given by
Aµ = (A0(r), A1(r), 0, 0) , (2.10)
3with A1(r) = χ
′(r), where a prime denotes the derivative with respect to r. Because of the U(1) gauge invariance, the
longitudinal mode A1(r) does not contribute to the dynamics of the vector field for this background configuration.
Since the BH solutions in scalar-tensor and vector-tensor theories have been already extensively studied in the
literature [11, 12, 18–20], we will concentrate on the new scalar-vector-tensor interactions LiSVT besides the Einstein-
Hilbert Lagrangian R. Namely, we study the theories given by the action
S =
∫
d4x
√−g
(
M2pl
2
R+
4∑
i=2
LiSVT
)
, (2.11)
where Mpl is the reduced Planck mass. For the background field configuration explained above, the F˜ term in L2SVT
vanishes and the Y term can be expressed in terms of X and F , as Y = 4FX . Therefore, we will simply consider
the function f2 of the form f2(φ,X, F ). On the background (2.9), the term proportional to f˜3(φ,X) in Eq. (2.6) also
vanishes. Then, the action (2.11) reduces to
S = 4pi
∫
dt dr
[
M2pl
√
f
h
(1− h− rh′) +
√
f
h
r2f2 +
2√
f
rh3/2φ′A′20 f3 −
√
h
f
A′20 {4(h− 1)f4 − h2φ′2(f4,X + 2f˜4)}
]
.
(2.12)
We recall that the functions f2, f3, f4, f˜4 have the dependence f2 = f2(φ,X, F ), f3 = f3(φ,X), f4 = f4(φ,X), and
f˜4 = f˜4(φ), where X and F are given, respectively, by
X = −h
2
φ′2 , F =
h
2f
A′20 . (2.13)
Varying the action (2.12) with respect to f, h, φ,A0, respectively, the resulting equations of motion are
M2plrfh
′ = M2plf(1− h) + r2
(
ff2 − hA′20 f2,F
)− 2rh2φ′A′20 f3 + hA′20 {4(h− 1)f4 − h2φ′2(f4,X + 2f˜4)} , (2.14)
M2plrhf
′ = M2plf(1− h) + r2
(
ff2 + fhφ
′2f2,X − hA′20 f2,F
)− 2rh2φ′A′20 (3f3 − hφ′2f3,X)
+hA′20
[
4(3h− 1)f4 − h(9h− 4)φ′2f4,X + h3φ′4f4,XX − 10h2φ′2f˜4
]
, (2.15)
J ′φ = Pφ , (2.16)
J ′A = 0 , (2.17)
where we defined the following short-cut notations for convenience:
Jφ = −
√
h
f
[
r2ff2,Xφ
′ − 2hA′20 (2hf˜4 + 3hf4,X − 2f4,X)φ′ + 2rh2A′20 f3,Xφ′2 + h3A′20 f4,XXφ′3 − 2rhA′20 f3
]
, (2.18)
Pφ = 1√
fh
[
r2ff2,φ + hA
′2
0 {4f4,φ + 2h(rφ′f3,φ − 2f4,φ) + h2(f4,Xφ + 2f˜4,φ)φ′2}
]
, (2.19)
JA =
√
h
f
A′0
[
r2f2,F + 4rhφ
′f3 + 8(1− h)f4 + 2h2φ′2(f4,X + 2f˜4)
]
. (2.20)
From Eq. (2.17), it follows that JA = constant. This is attributed to the existence of a conserved charged current
arising from the U(1) gauge invariance.
In this letter, we will focus on shift-symmetric theories invariant under the shift
φ→ φ+ c , (2.21)
where c is a constant. Then, the functions f2,3,4 and f˜4 do not contain any φ dependence, such that
f2 = f2(X,F ) , f3 = f3(X) , f4 = f4(X) , f˜4 = constant . (2.22)
Since Pφ vanishes in this case, it follows that
Jφ = constant , (2.23)
which means that the scalar equation of motion corresponds to the conservation of the current Jφ. In this case,
what we have is essentially the generalized Proca interactions written in terms of scalar-vector-tensor theories with
4non-trivial couplings between the scalar Stueckelberg field φ and the gauge field Aµ. The scalar Stueckelberg field
enters only through derivatives. In terms of the Stueckelberg field the cubic Lagrangian L3SVT would correspond to
the genuine vector interactions g5 in generalized Proca theories, and the quartic Lagrangian L4SVT to the genuine
interactions in L6 of generalized Proca theories (see [12] for the analysis of black hole solutions of generalized Proca
interactions in the unitary gauge).
III. CUBIC INTERACTIONS
Let us first study BH solutions for the theories with f2 6= 0, f3 6= 0, f4 = 0, and f˜4 = 0. For concreteness, we
consider the function f2 given by the sum of X and F , i.e.,
f2(X,F ) = X + F . (3.1)
Then, the current (2.18) reduces to
Jφ = −
√
h
f
(
r2fφ′ + 2rh2A′20 f3,Xφ
′2 − 2rhA′20 f3
)
. (3.2)
We search for hairy BH solutions with finite values of φ′ and A′0 in the vicinity of the event horizon. We also consider
the case in which the new scalar-vector interaction works as corrections to the Reissner-Nordstro¨m (RN) metric of
the form
fRN = hRN =
(
1− rh
r
)(
1− µrh
r
)
, (3.3)
where the constant µ is in the range 0 < µ < 1. Expanding the metric components f and h in the forms
f =
∞∑
i=1
fi (r − rh)i , h =
∞∑
i=1
hi (r − rh)i , (3.4)
the leading-order RN solution (3.3) corresponds to
f1 = h1 =
1− µ
rh
, (3.5)
whereas the coefficients fi and hi with i ≥ 2 are generally different from each other. Then, as r → rh, we have√
h/f → 1 in Eq. (3.2).
If we consider the function f3 of the form f3 = β3X
n with n ≥ 0, the three terms in the parenthesis of Eq. (3.2)
contain the positive powers of f or h. This means that, as long as φ′ and A′0 are finite at r = rh, the conserved
current Jφ vanishes, so that
−
√
h
f
(
r2fφ′ + 2rh2A′20 f3,Xφ
′2 − 2rhA′20 f3
)
= 0 . (3.6)
If the power n is in the range n ≥ 1, the left hand side of Eq. (3.6) is factored out by φ′. Then, the solution consistent
with the boundary condition φ′ → 0 at spatial infinity corresponds to φ′ = 0 for arbitrary r, i.e, no scalar hair. This
situation is analogous to what happens in shift-symmetric Horndeski theories [19].
Instead, let us consider the cubic coupling
f3(X) = β3 , (3.7)
where β3 is a constant. In this case, the term −2rhA′20 f3 in Eq. (3.6) does not contain φ′. Then, from Eq. (3.6), we
obtain the following solution
φ′ =
2β3h
rf
A′20 . (3.8)
5This solution can be compatible with the boundary conditions φ′ → 0 and A′0 → 0 at spatial infinity. Substituting
Eq. (3.8) and its r derivative into Eqs. (2.14), (2.15) and (2.17), it follows that
M2plrfh
′ = M2plf(1− h)−
h
2f
A′20
(
fr2 + 12β23h
2A′20
)
, (3.9)
M2plrhf
′ = M2plf(1− h)−
h
2f
A′20
(
fr2 + 20β23h
2A′20
)
, (3.10)
A′′0 = −
2[M2plf
2r2 + 4(1− h)β23fhM2plA′20 − β23h2r2A′40 ]
frM2pl(fr
2 + 24β23h
2A′20 )
A′0 . (3.11)
In the limit that β3 → 0, the solutions to Eqs. (3.9)-(3.11) are given by the RN metrics (3.3) with the temporal vector
component
ARN0 = P +
Q
r
, (3.12)
where P and Q are constants.
For β3 6= 0, we iteratively derive the solutions to Eqs. (3.9)-(3.11) both around the horizon and at spatial infinity.
Around r = rh, we expand the two metric components of the form (3.4). The temporal vector component is also
expanded as
A0 = a0 +
∞∑
i=1
ai (r − rh)i . (3.13)
Then, we obtain the following iterative solutions
f = (1− µ)
(
r
rh
− 1
)
−
[
1− 2µ+ 12β˜23µ2(1− µ)
]( r
rh
− 1
)2
+O
(
r
rh
− 1
)3
, (3.14)
h = (1− µ)
(
r
rh
− 1
)
−
[
1− 2µ− 4β˜23µ2(1− µ)
]( r
rh
− 1
)2
+O
(
r
rh
− 1
)3
, (3.15)
A0 = a0 +
√
2µMpl
(
r
rh
− 1
)
−
√
2µMpl
[
1 + 4β˜23µ(2− µ)
]( r
rh
− 1
)2
+O
(
r
rh
− 1
)3
, (3.16)
where β˜3 ≡ β3Mpl/r2h, and we have chosen the branch a1 > 0. From Eq. (3.8), the field derivative is given by
φ′ =
4β˜3µMpl
rh
[
1−
{
5 + 32β˜23µ(1 − µ)
}( r
rh
− 1
)
+O
(
r
rh
− 1
)2]
. (3.17)
Thus, there exists a nontrivial scalar hair induced by the cubic scalar-vector coupling. The coupling β˜3 also gives rise
to modifications to the metrics (3.3) and the temporal vector component (3.12) of the RN solution.
To obtain the solutions at spatial infinity, we expand f, h,A0 as the power series of 1/r, as
f = 1 +
∞∑
i=1
f˜i
ri
, h = 1 +
∞∑
i=1
h˜i
ri
, A0 = P +
∞∑
i=1
a˜i
ri
. (3.18)
Substituting these expressions into Eqs. (3.9)-(3.11), the resulting iterative solutions are
f = 1− 2M
r
+
Q2
2M2plr
2
+
3β23Q
4
14M2plr
8
+O
(
1
r9
)
, (3.19)
h = 1− 2M
r
+
Q2
2M2plr
2
− 2β
2
3Q
4
7M2plr
8
+O
(
1
r9
)
, (3.20)
A0 = P +
Q
r
− 8β
2
3Q
3
7r7
+
2β23MQ
3
r8
+O
(
1
r9
)
, (3.21)
where we have set f˜1 = h˜1 = −2M and a˜1 = Q. On using Eq. (3.8), the scalar derivative behaves as
φ′ =
2β3Q
2
r5
+O
(
1
r11
)
, (3.22)
6which decreases rapidly toward the asymptotic value 0. The effects of the coupling β3 in f and h start to appear at
the order of 1/r8, so the corrections to the RN metrics are suppressed to be small at spatial infinity. The correction
to the RN value of A0 arises at the order of 1/r
7.
In Eqs. (3.16) and (3.21), both a0 and P are arbitrary constants. Indeed, they have no physical meanings due to
the U(1) gauge symmetry. At spatial infinity, there are two physical hairs Q and M . Provided that the BH solutions
are regular throughout the horizon exterior, Q and M are related to the two parameters µ and rh in the vicinity of
the horizon. Substituting the large-distance solutions (3.19)-(3.21) into the right hand side of Eq. (2.20), it follows
that the quantity JA is equivalent to the conserved U(1) charge −Q. On the horizon, JA reduces to
√
2µrhMpl, so
the current conservation (2.17) gives the relation√
2µrhMpl = −Q . (3.23)
From Eq. (3.22), the scalar hair can be regarded as a secondary type sourced by the charge Q.
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FIG. 1: Numerical solutions of f, h,A′0, φ
′ outside the event horizon for the cubic coupling f3 = β3 with β˜3 = β3Mpl/r
2
h = 1.0
and µ = 0.5. Both A′0 and φ
′ are normalized by Mpl/rh. We choose the boundary conditions to be consistent with Eqs. (3.14)-
(3.16) at r = 1.001rh.
To confirm the regularity of solutions outside the horizon, we numerically integrate Eqs. (3.9)-(3.11) with Eq. (3.8)
by using the boundary conditions (3.14)-(3.16) in the vicinity of the horizon. In Fig. 1, we show the integrated
solutions of f, h,A′0, φ
′ versus r/rh for β˜3 = 1.0 and µ = 0.5. They are indeed regular throughout the horizon exterior.
The two metric components are close to 0 around r = rh and they asymptotically approach 1 for r ≫ rh. As estimated
by Eqs. (3.14) and (3.15), the cubic coupling β˜3 induces the difference between f and h mostly around the horizon.
In the numerical simulation of Fig. 1, the difference between f and h reaches a maximum close to the order 10−2 in
the vicinity of the horizon and then |f − h| decreases for increasing r.
From Eq. (3.22), the field derivative rapidly decreases as φ′ ∝ r−5 for r ≫ rh. This decreasing rate is larger than
that of the derivative A′0 ∝ r−2. Then, φ′ ≪ A′0 for r ≫ rh, but φ′ cannot be neglected relative to A′0 for r closer to
rh. For β˜3 of the order of 1, the value φ
′ = 4β˜3µMpl/rh on the horizon becomes comparable to A
′
0 ≃
√
2µMpl/rh.
Indeed, this property can be confirmed in Fig. 1. Thus, there exists the regular BH solution with a nontrivial scalar
hair, whose effect mostly manifests in the nonlinear regime of gravity.
IV. QUARTIC INTERACTIONS
We proceed to the case of quartic interactions given by the Lagrangian L4SVT. First of all, we notice that each term
in Eq. (2.18) contains positive powers of f and h. Hence, as long as φ′ and A′0 are finite on the horizon, the current
7Jφ is constrained to be 0. Moreover, except for the term −2rhA′20 f3, each term in Jφ is multiplied by the positive
powers of φ′. This means that, for the theories with f3 = 0, the solution to Jφ = 0 compatible with the boundary
condition φ′ → 0 at spatial infinity should correspond to the no scalar-hair solution φ′ = 0 for arbitrary r. Then, we
need the cubic interaction for the realization of hairy BH solutions with nonvanishing φ′. In the following, we consider
the model given by the functions
f2(X,F ) = X + F , f3(X) = β3 , f4(X) = β4X
n , f˜4 = 0 , (4.1)
where β3, β4 and n (≥ 0) are constants. For concreteness, we will study the two cases: (i) n = 0 and (ii) n = 1,
separately.
A. Model with f4(X) = β4
For the model with n = 0, the current conservation Jφ = 0 leads to the relation same as Eq. (3.8) between φ
′ and
A′0. On using this relation, Eqs. (2.14), (2.15) and (2.17) reduce, respectively, to
M2plrfh
′ = M2plf(1− h)−
h
2f
A′20
[
fr2 + 12β23h
2A′20 + 8β4f(1− h)
]
, (4.2)
M2plrhf
′ = M2plf(1− h)−
h
2f
A′20
[
fr2 + 20β23h
2A′20 + 8β4f(1− 3h)
]
, (4.3)
A′′0 = −
2[M2plf
2r2 + 4(1− h)β23fhM2plA′20 − β23h2r2A′40 − 4β4M2plf2(1− h)− 8β23β4h2(2h+ 1)A′40 ]
frM2pl[fr
2 + 24β23h
2A′20 + 8β4f(1− h)]
A′0 . (4.4)
Substituting Eqs. (3.4) and (3.13) into Eqs. (4.2)-(4.4), the iterative solutions around r = rh up to the order of
(r − rh)2 are given by
f = (1− µ)
(
r
rh
− 1
)
− 1− 2µ+ 12β˜
2
3µ
2(1− µ) + 4β˜4(24β˜4µ2 − 40β˜4µ+ 3µ2 + 16β˜4 − 9µ+ 4)
(1 + 8β˜4)2
(
r
rh
− 1
)2
, (4.5)
h = (1− µ)
(
r
rh
− 1
)
− 1− 2µ− 4β˜
2
3µ
2(1− µ)− 4β˜4(8β˜4µ2 + 8β˜4µ+ µ2 − 16β˜4 + 5µ− 4)
(1 + 8β˜4)2
(
r
rh
− 1
)2
, (4.6)
A0 = a0 +
√
2µ
1 + 8β˜4
Mpl
(
r
rh
− 1
)
−
√
2µ
(1 + 8β˜4)5
Mpl
[
1 + 4β˜23µ(2 − µ) + 4β˜4 − 32β˜24
]( r
rh
− 1
)2
, (4.7)
where β˜4 ≡ β4/r2h. From Eq. (3.8), the scalar derivative up to the order of r − rh reads
φ′ =
4β˜3µMpl
rh(1 + 8β˜4)
[
1− 5 + 32β˜
2
3µ(1− µ) + 16β˜4(2 + µ− 4β˜4 + 8β˜4µ)
(1 + 8β˜4)2
(
r
rh
− 1
)]
. (4.8)
Substituting the large-distance expansions (3.18) into Eqs. (4.2)-(4.4) and setting f˜1 = h˜1 = −2M and a˜1 = Q, the
iterative solutions at spatial infinity yield
f = 1− 2M
r
+
Q2
2M2plr
2
− 2β4Q
2
M2plr
4
+
2β4MQ
2
M2plr
5
− 3β4Q
4
5M4plr
6
+
256β24MQ
2
7M2plr
7
+
3Q2(M2plQ
2β23 − 28β24Q2 − 256β24M2M2pl)
14M4plr
8
, (4.9)
h = 1− 2M
r
+
Q2
2M2plr
2
− 2β4MQ
2
M2plr
5
+
2β4Q
4
5M4plr
6
− 2Q
2(β23Q
2 − 64β24M2)
7M2plr
8
, (4.10)
A0 = P +
Q
r
− 4β4MQ
r4
+
3β4Q
3
5M2plr
5
− 8Q(β
2
3Q
2 − 32β24M2)
7r7
+
2MQ3(7β23M
2
pl − 48β24)
7M2plr
8
, (4.11)
φ′ =
2β3Q
2
r5
− 64β3β4MQ
2
r8
, (4.12)
8up to the order of 1/r8. From the current conservation (2.17), the U(1) charge Q at spatial infinity is related to the
quantities µ and rh around the horizon as √
2µ(r2h + 8β4)Mpl = −Q . (4.13)
In the limit that β3 → 0 the field derivatives (4.8) and (4.12) vanish, so there are no scalar hairs for the theories with
f3 = 0. In this case, the large-distance solutions (4.9)-(4.11) reduce to those with vector hair obtained by Horndeski
in 1978 for the pure U(1)-invariant interaction β4L
µναβFµνFαβ [21]. We note that the iterative solutions (4.5)-(4.8)
around the horizon are also consistent with those derived in Refs. [12]. Unlike the solutions at spatial infinity arising
from the cubic interaction, the quartic coupling β4 leads to corrections to f, h,A0 at the orders of 1/r
4, 1/r5, 1/r4,
respectively. In the vicinity of the horizon, the coupling β4 appears at the orders of (r − rh)2 in f, h and of r − rh in
A0.
For β3 6= 0, the BH solutions derived above contain the nonvanishing scalar hair φ′. Besides the quartic coupling
β4, the effects of β3 on f, h,A0 arise at the orders of (r − rh)2 around r = rh, so that f and h are different from
each other. Compared to the case β4 = 0, the derivative φ
′ on the horizon is modified by the factor (1 + 8β˜4)
−1.
We have numerically integrated Eqs. (4.2)-(4.4) outside the horizon by using Eqs. (4.5)-(4.8) as boundary conditions
and found that the solutions smoothly connect to the large-distance solutions (4.9)-(4.12) for |β˜4| < O(0.1). As in
the case of Fig. 1, the scalar hair manifests itself mostly in the vicinity of the horizon. Thus, there exist regular BH
solutions endowed with both scalar and vector hairs. For |β˜4| > O(0.1) the last terms in Eqs. (4.2) and (4.3) can be
larger than the first terms on their right hand sides, so that the regularity of BH solutions outside the horizon tends
to be violated.
B. Model with f4(X) = β4X
Let us consider the quartic interaction f4(X) = β4X . From the current conservation Jφ = 0, it follows that
φ′ =
2β3rhA
′2
0
fr2 + 2β4h(2− 3h)A′20
, (4.14)
which does not vanish for β3 6= 0. The iterative solutions around the horizon expanded up to the order of (r − rh)2
are given by
f = (1− µ)
(
r
rh
− 1
)
− 1− 2µ+ 12β˜
2
3µ
2(1 − µ) + 8β¯4µ(1− 2µ)
1 + 8β¯4µ
(
r
rh
− 1
)2
, (4.15)
h = (1− µ)
(
r
rh
− 1
)
− 1− 2µ− 4β˜
2
3µ
2(1− µ) + 8β¯4µ(1− 2µ)
1 + 8β¯4µ
(
r
rh
− 1
)2
, (4.16)
A0 = a0 +
√
2µMpl
(
r
rh
− 1
)
−
√
2µMpl
1 + 4β˜23µ(2− µ) + 16β¯4µ(1 + 2β˜23µ+ 4β¯4µ)
(1 + 8β¯4µ)2
(
r
rh
− 1
)2
, (4.17)
where β¯4 ≡ β4M2pl/r4h. From Eq. (4.14), the scalar derivative up to the order of r − rh yields
φ′ =
4β˜3µMpl
rh(1 + 8β¯4µ)
[
1− 32β˜
2
3µ(1− µ)(1 + 4β¯4µ) + (1 + 8β¯4µ)2{5 + 4β¯4µ(3µ− 5)}
(1 + 8β¯4µ)3
(
r
rh
− 1
)]
. (4.18)
At spatial infinity, we find that the solutions to f, h,A0 are of the same forms as Eqs. (3.19)-(3.21) up to the order
of 1/r8. The scalar derivative φ′ also has the same dependence as Eq. (3.22). Thus, unlike the constant f4 model, the
coupling β4 does not appear in the large-distance expansions of f, h,A0, φ
′ at the order lower than 1/r8. Note that
the current conservation (2.17) gives the relation same as Eq. (3.23).
Around the horizon, both the couplings β3 and β4 appear in Eqs. (4.15)-(4.17) at the order of (r − rh)2. From
Eqs. (4.18), the scalar derivative φ′ is comparable to A′0 ≃
√
2µMpl/rh for β˜3/(1 + 8β¯4µ) of the order of unity.
Numerically we confirmed that the iterative solutions (4.15)-(4.18) can connect to those at spatial infinity without
discontinuities. Hence we have the regular BH solutions with the scalar hair manifesting itself in the vicinity of the
horizon. We stress that this hairy solution arises by the presence of the cubic coupling f3 = β3 besides the quartic
interaction f4 = β4X .
9V. CONCLUSIONS
In this letter, we studied the static and spherically symmetric BH solutions in SVT theories with gauge-invariant
derivative scalar-vector interactions and a non-minimal coupling to gravity. The longitudinal mode of the vector field
does not propagate due to the U(1) gauge invariance, so we are left with the equations of motion for a scalar field
φ and a temporal vector component A0 besides the gravitational equations of two metric components f and h. In
shift-symmetric theories where the functions f2, f3, f4, f˜4 in the action (2.11) do not contain any φ dependence, there
is the current conservation Jφ = constant associated with the scalar φ.
Except for the term −2rhA′20 f3 in the square bracket of Eq. (2.18), the current Jφ contains the products of positive
powers of φ′ and f or h. The regularities of φ′ and A′0 on the horizon lead to Jφ = 0 in general. Then, in the absence
of the term −2rhA′20 f3, the solutions consistent with the boundary condition φ′ → 0 at spatial infinity correspond
to φ′ = 0 for arbitrary radial distance r. Existence of the cubic interaction f3 breaks this structure and allows the
possibility for realizing hairy BH solutions with φ′ 6= 0.
In the presence of the cubic coupling f3 = β3 besides the function f2 = X +F , the scalar derivative φ
′ is related to
the temporal vector component in the form (3.8). We derived the iterative solutions (3.14)-(3.17) expanded around
the horizon and showed that the cubic coupling β3 induces corrections to the RN solutions of f, h,A0 at the order of
(r − rh)2. In the limit that r → rh, the scalar derivative approaches the nonvanishing finite value φ′ → 4β˜3µMpl/rh.
At spatial infinity, the cubic coupling β3 gives rise to corrections to f, h,A
′
0 at the order of 1/r
8. In this region,
the scalar derivative quickly decreases as φ′ ≃ 2β3Q2/r5, but the scalar hair manifests itself around the horizon.
Numerically, we confirmed the regularity of hairy BH solutions throughout the horizon exterior, see Fig. 1. From the
current conservation JA = constant, the U(1) charge Q at spatial infinity is related to the quantities µ and rh around
the horizon according to Eq. (3.23).
We also studied the cases in which the quartic interactions f4 = β4X
n with n = 0 or n = 1 are present besides
the cubic coupling f3 = β3. In the limit that β3 → 0, the model with f4 = β4 recovers BH solutions with vector
hair discussed by Horndeski in 1978. Existence of the cubic coupling β3 leads to a new hairy BH solution endowed
with both scalar and vector hairs. For the quartic interaction f4 = β4X , we also showed the presence of a hairy BH
solution where the effects of couplings β3 and β4 on f, h,A
′
0, φ
′ manifests themselves in the vicinity of the horizon.
In this letter, we showed the existence of hairy BH solutions induced by the scalar-vector interaction in U(1) gauge-
invariant SVT theories as a first step, but it is of interest to study what happens for the SVT theories with the
broken gauge invariance. Moreover, the application of gauge-broken SVT theories to cosmology will be interesting in
connection to the problems of inflation, dark energy, and dark matter. These topics are left for future works.
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